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Abstract
In Ref. [1] Groote and Pivovarov have given notice of a possible fault in the use of
sum rules involving two–point correlation functions to extract information on heavy
quark parameters, due to the presence of massless contributions that invalidate the
construction of moments of the spectral densities. Here we show how to circumvent
this problem through a new definition of the moments, providing an infrared safe and
consistent procedure.
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1 Introduction
The vacuum polarization function suitable for extracting fundamental information of heavy
quark-antiquark systems is built from the vector current jµ(x) = Q(x) γµ Q(x) of the heavy
quark Q of mass M :
µν(q) = i
∫





As it is well known two{point functions are analytic except for singularities at simple poles
or branch cuts, the latter being originated by normal thresholds of production of internal
on{shell states. Implicitly assuming that the absorptive part of (q2) starts at the massive
two{particle threshold q2 = 4M2, vanishing below this point, the correlator satises the
once{subtracted dispersion relation [2] 1 :
̂(q2)
:








s− q2 − i : (2)
This dispersion relation has been extensively used to determine heavy quark parameters
within the method of sum rules because it allows to relate experimental input, on the right{
hand side, with theoretical perturbative evaluations on the left{hand side [3]. Indeed Im (q2)
refers to the total cross section of heavy quark production (e+e− ! QQ). In practice,
the spectral density Im (s) is poorly known experimentally at very high energies and, in
addition, we are interested in the very low energy domain because it is more sensitive to the
heavy quark mass. Therefore one uses derivatives of the vacuum polarization at the origin,








Until present the evaluation of the perturbative two{point correlation function (q2) has
only been carried out completely, with massive quarks, up to O(2s) [4] and the procedure
above has been termed consistent and eective in its task because the rst branch point
is set at the massive two{particle threshold. However in Ref. [1] Groote and Pivovarov
have pointed out that at O(3s) there is a contribution to the correlator which contains a
three{gluon massless intermediate state (see Fig. 1(a)). Its absorptive part starts at zero
energy and, therefore, Eq. (2) is no longer correct. Moreover those authors have also warned
about the fact that, at this perturbative order, the massless intermediate state invalidates
the denition of the moments Mn for n  4 because they become singular. In Ref. [5] an
infrared safe redenition of the moments, to cure the latter problem, has been provided; it
consists in evaluating the moments at an Euclidean point q2 = −sE , sE > 0, thus avoiding
the singular behaviour. Nevertheless the fault in Eq. (2) due to the massless threshold still























Figure 1: (a) O(3s) diagram contributing to the vacuum polarization function of the heavy
quark current (the vertical dashed line indicates the massless cut). (b) “Effective” diagram
obtained by integrating out the fermion loops. It also has the topological structure of the
“reduced” diagram that determines the massless cut singularity.


















s− q2 − i ; (4)
(where the notation is self-explicative), the spectral function Im 3g(s) associated to the cut
in Fig. 1(a) would hardly be implemented phenomenologically as gluons hadronize to both
heavy and light quark pairs. Perturbatively the three{gluon cut would contribute to QQ
production, i.e. to Im QQ(q
2), but at higher order in s. Therefore if we attach to an
O(3s) sum rule analysis, that contribution should be extracted from the perturbative (q2)
evaluation. In this note we provide a bypass to recover the balance between the right-hand
and left-hand parts of Eq. (4).
2 Moments and the massless cut
The perturbative contribution given by the diagram in Fig. 1(a) has been calculated at
small q2 (q2  M2) in Ref. [1]. In this limit the quark triangle loop can be integrated out and
it ends up in the diagram in Fig. 1(b) generated by an induced eective current describing
the interaction of the vector current with three gluons 2,







(5 @νOµν1 + 14 @νOµν2 ) ; (5)




Oµν1 = dabc Gµνa Gαβb Gcαβ ; (6)
Oµν2 = dabc Gµαa GbαβGβνc ;
where Gµνa is the gluon strength eld tensor. The eective current in the QED case (G
µν
a !
F µν ; s ! em; dabc ! 1) can be easily identied from the lowest order Euler-Heisenberg
Lagrangian (see Ref. [5]).
The correlator of the induced current (5) is then evaluated in the conguration space
giving :













In momentum space we need to perform the Fourier transform of Eq. (7). Following the
dierential regularization procedure [6], which works directly in conguration space, the
























with  the renormalization point in this scheme, and dabcdabc = 40=3.
As noticed by Groote and Pivovarov [1], moments associated to the diagram in Fig. 1(b)




























whose real part clearly diverges if we set q2 = 0. Larger n moments are also infrared divergent,
and so the authors of Ref. [1] conclude that the standard sum rule analysis must limit the
accuracy of theoretical calculations for the n  4 moments to the O(2s) order of perturbation
theory.
One obvious way out of this infrared problem is to avoid the q2 = 0 point. As it has been
discussed in Ref. [5], this solution is rather ill{conditioned from the phenomenological side
though. Moreover we notice (as commented earlier) that it is not possible to implement, from
the available experimental information, the second term in the right{hand side of Eq. (4).
However, if one does not insist in using full vacuum polarization for the sum rule analysis
there is a way to overcome this infrared problem.
3 Infrared safe definition of the moments
The study of analytic properties of perturbation theory amplitudes shows that their
singularities are isolated and, therefore, we can discuss each singularity of a perturbative
3
amplitude by itself [7]. As a consequence, (q2) in Eq. (1) satises a dispersion relation from











s − q2 − i : (10)
Here [(s)]n provides the discontinuity across a branch cut starting at the branch point sn.
In the perturbative calculation, every discontinuity function [(s)]n can be associated to
a \reduced" Feynman diagram obtained by contracting internal o{shell propagators to a
point and leaving internal on{shell lines untouched. Its contribution is written down following
the Cutkosky rules for the graph. The reduced diagram corresponding to the massless cut
in Fig. 1(a) has the topological structure of the part (b) of that Figure. Let us emphasize
though that our following discussion is not grounded on the q2  M2 regime where the
fermion loops have been integrated out : the reduced diagram is just a symbol that species
a singularity, and the black dots in Fig. 1(b) keep all the analytical structure of the fermion
loops.
In a general diagram the discontinuity across a specied cut needs not to be a pure real
function in the physical region, only the sum of all cuts in a given channel gives the total
imaginary part. Hence the separation between the imaginary parts coming from dierent nal
states, as performed in Eq. (4) for the vacuum polarization, does not seem to come directly
from the Cutkosky rules. Nevertheless in the heavy quark correlator the discontinuity across
the three{gluon cut gives a contribution to the spectral function that is unequivocally real :




dR3g h 0 j jµ j 3 g i h 3 g j jyµ j 0 i ; (11)
from which the dispersive part can be evaluated independently of the QQ cuts 4. Accordingly
we conclude that we can identify and isolate the troublesome massless cut contribution to the
two{point function. Indeed Eqs. (10) and (11) justify our previous Eq. (4). This assertion
might seem obvious but it is not : A QQ cut on the right{hand fermion loop in Fig. 1(a) does
not provide, by itself, a pure real contribution. Only when both QQ cuts, on the left{hand
and right{hand fermion loops of Fig. 1(a), are added we get ImQQ.
Let us go back then to Eq. (4). All the diculty with the phenomenological application
of the sum rules is now the fact that the contribution from the three{gluon cut is contained
in both sides of the equality. Thus we propose an infrared safe denition of the moments by




















s− q2 − i ; (12)








3This expression also gives the residue Ri of a pole at s = si if we interpret the discontinuity as ImΠi =
piRiδ(s − si). However we do not consider the existence of QQ Coulomb bound states, as it is not relevant
for our discussion.











Figure 2: Feynman diagram for the production of three gluons at O(3s).
Of course Eqs. (12) and (13) are meaningless unless we give a precise prescription about
how to subtract the contribution of the massless cuts represented by Im 3g. Our previous
discussion gives us the tool to proceed. Once the full O(3s) (s) is calculated we can extract
the imaginary part starting at s = 0 (which should go with a (s) function) for any value
of s. It is clear that the (s) and (s − 4M2) terms in the imaginary part of the vacuum
polarization function correspond to three{gluon massless and to QQ cut graphs, respectively,
and Im 3g and Im QQ are easy to distinguish, as Eq. (11) prevents the appearance of mixed
(s)  (s− 4M2) terms. Therefore we identify Im 3g and we now plug it in the dispersion
integral of the right{hand side of Eq. (13) and perform such integration. Divergences con-
tained in both this integral andMn as q2 ! 0 will cancel with each other if the same infrared
regularization is employed in the two quantities. The intuitive choice would be a low-energy





















where a vanishing therm in the s0 ! 0+ limit has been omitted.
The evaluation of the Mn moments at q2 = 0 < 4M2 made sense because, up to O(2s),
this point is unphysical and the moments are well dened through an analytic continuation
from the high{energy region. However note that the absorptive three{gluon contribution
starts at q2 = 0 where perturbative QCD is unreliable. This introduces a further new
diculty in evaluating Mn moments at q2 = 0, as we reach the physical non{perturbative
region. Our denition of the moments, M˜n in Eq. (13), skips this problem by fully eliminating
the massless terms and, therefore, the nal heavy quark sum rule will only involve physics at
q2 > 4M2.
The general rule given above is valid for all orders of perturbation theory, but it strongly
relies in our ability to extract the massless absorptive part from the full result of (q2)





















Figure 3: Examples of perturbative non–heavy quark current correlators at O(2s) (a) and
O(3s) (b) that contribute to the production of QQ states.
correlator would be cumbersome and only numerical approaches may be at hand. In this
sense, it would be convenient to have a method to calculate Im QQ only based on Feynman
graphs. We have already sketched such a method in the discussion following Eq. (10) : we
just need to sum up all the massless cut graphs to get Im 3g, and then proceed with the
dispersion integration that gives the associated dispersive part [8]. For example, at O(3s),
the only massless absorptive part comes from the three{gluon cut in the diagram of Fig. 1(a);
let us call Mµ3g the amplitude producing three gluons from the heavy quark current at lowest
order (i.e. through the quark triangle loop in Fig. 2). The massless contribution to the
absorptive part of the correlator is then:
Im 3g(s) = − 1
6s
∫
dR3g Mµ3g  M3g µ ; (15)













in terms of the invariants s1  (k1 + k2)2 = (q − k3)2 and s2  (k2 + k3)2 = (q − k1)2, and ki





















ds2 Mµ3g  M3g µ ; (17)
which, in principle, could be performed also numerically. The nth-derivative of relation (17)
respect to s0, in the limit s0 ! 0+, would give the infrared divergent contribution that should
be subtracted from the full moments, as dictated by Eq. (14).
The method discussed in this Section could be extended to more general two{point cor-
relators involving intermediate QQ states in their perturbative expansion. Indeed the cor-
relator of two light quark vector currents has O(2s) contributions with an internal loop of
6
heavy quarks (Fig. 3 (a)) and, similarly, the asymmetric correlator of a heavy and a light
vector quark currents is no longer vanishing at O(3s) (Fig. 3 (b)). The absorptive part
coming from the QQ cuts in the previous examples contribute to the phenomenological input
(e+e− ! QQ) in the usual sum rule analysis. Correspondingly they should be accounted for
in the theoretical side. In short, the production of QQ states concerns not only the correlator
of a couple of heavy quark currents and, for a more rigorous use of the sum rules method,
this imbalance should be taken into account and properly xed. A two{point function built
from the sum of the electromagnetic currents associated to each quark flavour could be used






h 0 j T ( q(x) γµ q(x) ) ( q0(0) γν q0(0) ) j 0 i ; (18)
where now q and q0 stand for heavy or light quarks indistinctly, and q = q0 is also allowed.
As the dierent absorptive cuts contribute additively to Im(p2), the unwanted light quark
and gluon qq, qqg, ggg, . . . cuts could be identied and, through the dispersive technique,
subtracted from the full (p2) result. Consequently we are left with every possible QQ
intermediate state arising from vector current production. Notwithstanding, the feasibility
of this procedure from a technical point of view appears rather cumbersome and, at present,
the experimental accuracy in the measurement of (e+e− ! QQ) cannot accommodate the
corrections just discussed.
4 Conclusions
We have shown that rigorous and straightforward results of the general theory of singular-
ities of perturbation theory amplitudes provide all{important tools to extract the unwanted
O(3s) three{gluon massless cut pointed out by Groote and Pivovarov from the vector current
correlator of heavy quarks. We conclude that the appropriate procedure to obtain information
about the heavy quark parameters should make use of the infrared safe corrected moments,









where the right{hand side can be extracted from the heavy quark production cross section
(e+e− ! QQ).
Finally we have pointed out that, starting already atO(2s), the use of sum rules associated
to heavy vector current correlators shows and imbalance between the phenomenological input
in the dispersion relation and the perturbative two{point function. This is due to the fact
that the cross section of production of QQ heavy quarks is contained not only in the correlator
of two heavy quark currents but in those involving light quarks too. We have indicated how
to improve the application of sum rules by constructing a generalized correlator of vector
currents in Eq. (18) and, afterwards, extracting all the perturbative information not related
with the production of heavy quarks, as we did in detail for the three{gluon cut.
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